The payoff of a barrier option depends on whether or not a specified asset price, index, or rate reaches a specified level during the life of the option. Most models for pricing barrier options assume continuous monitoring of the barrier; under this assumption, the option can often be priced in closed form. Many (if not most) real contracts with barrier provisions specify discrete monitoring instants; there are essentially no formulas for pricing these options, and even numerical pricing is difficult. We show, however, that discrete barrier options can be priced with remarkable accuracy using continuous barrier formulas by applying a simple continuity correction to the barrier. The correction shifts the barrier away from the underlying by a factor of exp(βσ √ t), where β ≈ 0.5826, σ is the underlying volatility, and t is the time between monitoring instants. The correction is justified both theoretically and experimentally.
THE MAIN RESULT

Introduction
A barrier option is activated (knocked in) or extinguished (knocked out) when a specified asset price, index, or rate reaches a specified level. The simplest such options are otherwise standard calls and puts that are knocked in or knocked out by the underlying asset itself. Some variants tie the barrier crossing to one variable and the payoff to another; others specify "binary" payoffs in place of the usual payoffs for calls and puts. Taken together, these are among the most popular options with path-dependent payoffs. The knock-in and knock-out features lower the price of an option, and may provide a payoff distribution that better matches a hedger's risk or a speculator's view.
Most models of barrier options assume continuous monitoring of the barrier: a knock-in or knock-out is presumed to occur if the barrier is breached at any instant in the life of the option. Under this assumption, Merton (1973) obtained a formula for pricing a knock-out call. Subsequent work on pricing continuously monitored barrier options includes Kat (1994a, 1994b) , Kunitomo and Ikeda (1992) , Rich (1994a Rich ( , 1994b , and Rubinstein and Reiner (1991) . However, a sizable portion of real contracts with barrier features specify fixed times for monitoring of the barrier-typically, daily closings. One article in the trade literature (Derivatives Week 1995a) faults existing pricing models for not addressing this feature. Another (Derivatives Week 1995b) discusses concerns that when monitoring times are not specified, extraneous barrier breaches may occur in less liquid markets while the major Western markets are closed. Moreover, numerical examples, including those in Chance (1994) , Flesaker (1992) , and Kat and Verdonk (1995) , indicate that there can be substantial price differences between discrete and continuous barrier options, even under daily monitoring of the barrier. Unfortunately, the exact pricing results available for continuous barriers do not extend to the discrete case.
1 Even numerical methods using standard lattice techniques or Monte Carlo simulation face significant difficulties in incorporating discrete monitoring, as demonstrated in Broadie, Glasserman, and Kou (1996) .
In this paper, we introduce a simple continuity correction for approximate pricing of discrete barrier options. Our method uses formulas for the prices of continuous barrier options but shifts the barrier to correct for discrete monitoring. The shift is determined solely by the monitoring frequency, the asset volatility, and a constant β ≈ 0.5826. It is therefore trivial to implement. Compared with using the unadjusted continuous price, our formula reduces the error from O(1/ √ m) to o(1/ √ m), as the number of monitoring points m increases. Numerical results indicate that the approximation is accurate enough to correctly price barrier options in all but the most extreme circumstance; i.e., except when the price of the underlying asset nearly coincides with the barrier.
Our analysis is based on the usual Black-Scholes market assumptions (Black and Scholes 1973) . In particular, the asset price {S t , t ≥ 0} follows the stochastic differential equation
where Z is a standard Wiener process, ν and σ > 0 are constants, and S 0 is fixed. The term structure is flat, and we let r denote the constant, continuously compounded risk-free interest rate. The price of a claim contingent on S is the expected present value of its cash flows under the equivalent martingale measure, which sets ν = r in (1.1).
Let H denote the level of the barrier. An up option has H > S 0 and a down option has H < S 0 ; in particular, we always assume H = S 0 . The asset price reaches the barrier for the first time at
this is an up-crossing if S 0 < H and a down-crossing if S 0 > H . A knock-in call option with maturity T and strike K pays (S T − K ) + at time T if τ H ≤ T and zero otherwise. Its price is thus
the expectation taken with respect to the equivalent martingale measure. For a put option, replace (S T − K ) + with (K − S T ) + , and for knock-out options replace the event {τ H ≤ T } with its complement {τ H > T }. Formulas for pricing these continuously monitored barrier options are reviewed in Section 3. Now suppose the barrier is monitored only at times i t, i = 0, 1, . . . , m, where t = T /m. Let us writeS i for S i t , so that {S i , i = 0, 1, . . .} is the asset price at monitoring instants. Defineτ
The price of a discrete knock-in call option is given by
the same modifications as before yield puts and knock-outs. In general, there are no easily computed closed-form expressions for the prices of these discrete barrier options. A consequence of our analysis is the obvious conclusion that the discrete price converges to the continuous price as the monitoring frequency increases, suggesting that the continuous price may be used as a naive approximation. The following result shows how to adjust the continuous formula to obtain a far better approximation to the discrete price. This result indicates that to use the continuous price as an approximation to the discrete price, we should first shift the barrier away from S 0 by a factor of exp(βσ √ t). Numerical results in Section 2 suggest that the resulting approximation is remarkably accurate.
A Sketch of the Argument
Sections 3 and 4 and the appendices are devoted to the proof of Theorem 1.1. To give some insight into the result, we illustrate the argument for an example. Consider a binary knock-in option paying one dollar if the asset price reaches H at some point in [0, T ] and if at time T it is below K , with H > max{S 0 , K }. A by-product of the analysis in later sections (Corollary 4.1) is that Theorem 1.1 applies to binary barrier options as well. Suppose, for purposes of illustration, that r − 1 2 σ 2 = 0, so that under the equivalent martingale measure log S t has zero drift. 4 Define b and c via the relations H = S 0 exp(bσ √ T ) and
. Assuming continuous monitoring of the barrier, the value of the option is e −r T times
where Φ is the standard normal cumulative distribution function. Equation (1.4) is an application of the reflection principle (Karatzas and Shreve 1991, pp. 79-80) .
Suppose, now, that for the option to be knocked in, the asset price must reach H at some time in {0, t, 2 t, . . . , m t}, with t = T /m. Because r − 1 2 σ 2 = 0, we may represent the asset price at these monitoring instants as
where the Z i are independent standard normal random variables. The price of the option under discrete monitoring of the barrier is e −r T times
whereτ is the first timeW exceeds b √ m. The increments of the random walkW are symmetrically distributed, so the reflection principle yields
. Applying this to (1.6) and treatingW m and R m as though they were independent we get
Expanding in a formal Taylor series with ϕ denoting the standard normal density, and using the fact (to be reviewed in Section 4.3) that E[R m ] → β, we get
1. Overshoot and reflection principle illustration.
In light of (1.5), this is
and thus agrees, up to o(1/ √ m), with the price of a continuously monitored barrier option knocked in at level H exp(βσ √ t). The difference He βσ √ t − H may be viewed as an approximation to the amount by which the asset price exceeds the barrier at the first monitoring instant at which it is above the barrier.
The heuristic argument just sketched points out the key steps in proving Theorem 1.1 rigorously: we find a suitable representation of the discrete price, expand it in a Taylor series, evaluate the limits of the coefficients as m → ∞, and identify the resulting expression as an expansion of the continuous price. Evaluation of the limits of coefficients requires consideration of the joint limit of the overshoot and the barrier-crossing time; the necessary asymptotic independence result is given in Section 4.3, and this may be viewed as the rigorous counterpart of (1.7). Handling ordinary barrier options instead of just binary options requires consideration of integrals of the probabilities outlined above.
Continuity corrections for level-crossing probabilities of random walks have a long history in sequential analysis and, to a lesser extent, in risk theory. Key references from the statistical literature are Chernoff (1965) , Siegmund (1979 Siegmund ( , 1985 , Siegmund and Yuh (1982) , and Woodroofe (1982) ; for developments in risk theory see Asmussen (1989) . We especially build on the work of Siegmund and Yuh. Also in the context of sequential analysis, Chernoff and Petkau (1986) have shown that a boundary correction improves the numerical solution of an optimal stopping problem based on a binomial approximation to a diffusion. Recently, AitSahlia (1995) has analyzed a similar technique in the pricing of American options (without barriers).
PERFORMANCE OF THE CORRECTED BARRIER APPROXIMATION
Before proceeding with the main proof, we present numerical results to indicate the accuracy of the corrected barrier approximation given in equation (1.3). Table 2 .1 compares the approximation (and two related approximations to be described shortly) with the true value for different levels of the barrier H . The options considered are down-and-out call options, i.e., S 0 > H , and the option becomes worthless if S crosses the barrier before the option expires at time T . The "true" value is determined from a trinomial procedure modified in several ways to specifically handle discrete barriers and is fully described in Broadie et al. (1996) . This numerical procedure has an average accuracy of about 0.001 for this range of parameters. Table 2 .1 and later tables show that the continuous barrier price can differ from the discrete barrier price by economically significant amounts. For example, for H = 97 in Table 2 .1, the continuous barrier price is $3.06 while the discrete barrier option with daily monitoring is worth 25% more ($3.83). The prices under approximation (1) in the tables result from the corrected continuous barrier formula suggested by Theorem 1.1. The relative absolute error of this formula is less than 0.1% for H ≤ 98; overall, this formula is remarkably accurate except in extreme cases with H very close to S 0 . It can be evaluated very fast (more than 10,000/sec on an Intel Pentium 133 MHz processor), while the procedure used to compute the true value to comparable accuracy is many orders of magnitude slower (approximately one hour on the same processor).
5 Table 2 .1 shows results for two other approximations. Approximation (2) uses a formula of Heynen and Kat (1994b) for continuous partial barrier options, i.e., options whose barriers are monitored throughout a time interval [0, t 1 ] or [t 1 , T ], with 0 < t 1 < T . The first monitoring point for a discrete barrier option does not occur until t, suggesting an approximation that shifts the barrier in the formula for a partial barrier option monitored during [ t, T ] . Specifically, approximation (2) sets t 1 = t and shifts the barrier in equation (9) on p. 259 of Heynen and Kat (1994b) . It can be evaluated in about the same (negligible) computing time as the first approximation. Although correcting the continuous barrier formula (approximation (1)) leads to small underpricing in some cases, the corrected partial barrier formula (approximation (2)) leads to small overpricing in these cases.
The modified corrected partial barrier approximation (3) in Table 2 .1 is a further heuristic that attempts to compromise between the slight underpricing and overpricing observed with (1) and (2). It does so by adjusting the beginning of the partial barrier to t 1 = 0.58 t. (The factor 0.58 was found experimentally to be the best among a few different values tried.) In most of the test cases, this heuristic had the smallest error of the three approximations. It is worth emphasizing, however, that only approximation (1) is rigorously supported; an attempt to justify a refinement of (1) would involve the daunting task of carrying out the expansions in Sections 3 and 4 to one more term. Also, approximations (2) and (3) are slightly more complicated to implement than approximation (1). Table 2 .2 shows that the approximations degrade slowly as the number of monitoring points decreases. Indeed, even though Theorem 1.1 is based on the limit as m increases to infinity, the approximation is quite accurate even for m = 5, in marked contrast to the continuous price. Table 2 .3 shows results for high asset volatility (σ = 0.6), long maturity (T = 2), and higher strike (K = 110). The overall performance of the approximations remains excellent, except when the barrier is very close to the underlying asset price. In this case, the relative errors are slightly larger with higher volatility and longer time to maturity and are slightly lower with a higher strike (compared to Table 2.1).
Option price derivatives (e.g., "delta" = ∂ V /∂ S 0 ) are of particular importance to practitioners for hedging and risk management. Although this case is not covered by Theorem 1.1, the correction can be applied to the continuous delta formula as well. Table 2 .4 shows how the deltas of the three approximations compare to the true delta (determined through extensive numerical computations). Relative absolute errors are less than 0.1% for H ≤ 97 for approximation (1). Delta approximations (2) and (3) are better than (1) for H very close to S 0 .
Next we consider a two-state example where the payoff of the option is determined by one state variable and the knock in and or knock out is determined by a second state variablefor example, options on stocks or stock indices which are knocked out if a currency reaches a barrier trade in the over-the-counter market. Rich (1996) models options with default risk in this framework. Heynan and Kat (1994a) and Rich (1996) derive formulas for such Option parameters: S 0 = 100, K = 100, σ = 0.30, r = 0.10, and T = 0.2.
two-state options when the barrier is continuously monitored. More specifically, suppose that the risk-neutralized asset price processes are
, where Z 1 and Z 2 have a constant correlation ρ. Table 2 .5 presents results for a two-asset discrete barrier down-and-out call option. The payoff of the option is (S 1 T − K ) + if S 2 is greater than H at all monitoring times. The "true" price is more difficult to determine because of the extra dimension involved, but the two-dimensional trinomial procedure used has an average accuracy of about 0.003 for this range of parameters. Table 2 .5 shows that the corrected continuous barrier formula is very accurate as long as the barrier is not too close to the initial price of asset 2.
The previous examples involved down-call options, i.e., options that are knocked out when an asset price decreases to a barrier level, but whose payoff is positive if the terminal asset price is above a strike level. Table 2 .6 gives results for up call options (not covered by Theorem 1.1). The results indicate that the corrected barrier formula works well for these options, though perhaps not as well as for down calls. Corrected versions of the continuous partial barrier formulas in Heynen and Kat (1994b) could also be used to approximate the discrete barrier price.
THE CONTINUOUS PRICE
The purpose of this section is to derive expressions for the continuous price V (H ) and its derivative. In this and the remaining sections, we detail the case of the down-and-in call, the other cases following with only minor modifications. Thus,
with H < S 0 and H < K . We define W to be a Wiener process with variance parameter σ 2 and drift µ = r − 1 2 σ 2 . This allows us to represent the asset price as S t = S 0 exp(W t ) and then work with W rather than S. The barrier is breached when W hits a = log(H/S 0 ); i.e., 
Proof. The first identity is a consequence of Merton's (1973, eqn. (55) ) formula for a barrier option; this particular representation is from Boyle and Lau (1994) . The second identity restates the first because a = log(H/S 0 ). To get the last identity, write the Black- Option parameters: S 0 = 110, K = 100, σ = 0.30, r = 0.10, and T = 0.2.
Scholes price as
using integration by parts. Apply this to (3.2) to get
and make the substitution
The price of a down-and-out call can be obtained by subtracting the down-and-in price from the standard Black-Scholes price. For a comprehensive treatment of the other cases and of connections among the various prices, see Rich (1994) and Rubinstein and Reiner (1991) .
We now write V (S 0 e a ) for V (H ) and calculate the derivative of the continuous option price with respect to a:
. For a down-and-in call,
Proof. From (3.2) we get
where (·) is the Black-Scholes delta as a function of the initial asset price with r , T , σ , and K held fixed. Substituting (2µ/σ 2 ) times (3.3) for the first term yields the first term of (3.4). To get the second term in (3.4) we use (3.2) and (3.3) again and differentiate to get
A simple justification of this interchange of derivative and integral first makes the change of variable y = x − (2a/σ √ T ). This moves a out of the argument of Φ and into the lower limit of integration.
Combining Propositions 3.1 and 3.2, we obtain formulas for the option price and its derivative in expressions of the form
where ∂ a is short for ∂/∂a.
MAIN STEPS OF THE PROOF
In this section, we give the main steps of the proof of Theorem 1.1. Most of the technical details of intermediate steps are relegated to appendices.
The Discrete Price
As in Section 1, we useS n to denote the asset price at the n th monitoring instant, nT /m. We use the representationS
where the Z i are independent standard normal random variables,
σ 2 , and t = T /m. Also, we let
where, as before, a = log(H/S 0 ) < 0. The option price is
This expectation is an integral with respect to the density in x of the distribution P(τ < m,W m ≤ x). Integration by parts and a change of variables yields the following:
LEMMA 4.1. With the notation above
Our approach to proving Theorem 1.1 will be to approximate the integrand P(τ < m,W m ≥ y √ m)for y ≥ log(K /S 0 )/σ √ T to terms of order m −3/2 ; evaluate the coefficients on the terms of order m −1/2 and integrate them, as required by Lemma 4.1; show that the higher-order terms are o(m −1/2 ), even after integration; and finally identify the resulting expressions with continuous formulas from Section 3.
Approximation of the Probability
To approximate the integrand in Lemma 4.1, we first generalize the setting slightly. We use notation consistent with Siegmund and Yuh (1982) , on which Theorem 4.1 below builds. We work with a family of probability measures {P θ , θ ∈ R}; under P θ , the random variables {X 1 , X 2 , . . .} are independent and normally distributed with mean θ and unit variance. Define
under P θ , the random walk U n thus has drift θ. Let θ 1 = ξ/ √ m and θ 0 = −ξ/ √ m, with ξ ≥ 0 a finite constant. Define
where b = ζ √ m for some ζ < ξ. To make the correspondence with the notation of Section 4.1, set
with y ≥ a/(σ √ T ) = −ζ , as in Lemma 4.1. By the symmetry of the normal distribution, the case ξ < 0 (corresponding to µ > 0) follows from an analysis of ξ ≥ 0. 
Then for y > −ζ ,
where |C| ≤ 1, |D| ≤ 1,
and
Proof. See Appendix A.
Limits of the Coefficients
In light of Lemma 4.1, integrating equation (4.2) in Theorem 4.1 yields the discrete price V m . To approximate the discrete price, we evaluate the integral of each of the terms in the right-hand side of (4.2) as m → ∞. An essential tool is the following result: LEMMA 4.2. There is a probability distribution B R on [0, ∞), such that for any t, y ≥ 0,
Moreover, y d B R (y) = β, with β as defined in Theorem 1.1. REMARK. G(t; ξ, ζ ) is the probability that a Wiener process with drift ξ and variance parameter 1 reaches ζ by time t.
Proof. From Lemma 10.11 of Siegmund (1985) we have
Hence,
as can be seen from the formula for G. Theorem 10.55 of Siegmund (1985) gives a general expression for the mean of B R . Specializing to the case of normal increments and comparing with Chernoff (1965) we find that this mean is the β defined in Theorem 1.1.
We interpret this result as stating that τ /m and R m are asymptotically independent, and that the distributions of τ /m and R m can be approximated by G and B R respectively. So, to approximate the expectations in Theorem 4.1, we factor them into products of expectations involving just R m and just τ , then evaluate them under the limiting marginal distributions indicated by Lemma 4.2. To approximate integrals over y of these expectations (as required by Lemma 4.1), we integrate the approximations to the expectations. The next result justifies this process. 
Proof. See Appendix B.
To evaluate the limits in Proposition 4.1, we need the following identities:
(4.5)
Proof. Both identities can in principle be verified algebraically using the fact that
An alternative probabilistic argument notes that both sides of (4.5) are equal to P(
is a unit-variance Wiener process with drift ξ , and τ (ξ ) is the first time W (ξ ) reaches ζ . For the right side use equation (3.14) of Siegmund (1985) and for the left side condition on τ . Both sides of (4.6) yield the corresponding density at ζ − x.
Using Proposition 4.1 and Lemma 4.3, we can handle integrals of the first five expectations on the right side of equation (4.2) in Theorem 4.1. To dispense with integrals of the last two expectations there, we need the following:
where η 1 , η 2 are as in Theorem 4.1.
Proof. See Appendix C.
Comparison with the Continuous Price
Consider the expression given for the discrete price in Lemma 4.1. For the integrand appearing there, substitute the expression in (4.2) using the parameters in (4.1). Theorem 4.1 applies because for any y ≥ log(K /S 0 )/σ √ T we have y > log(H/S 0 )/σ √ T = −ζ . The result of the substitution is of the form
Now apply (3.3) to the first integral, and invoke the boundedness of the limits in Proposition 4.1 for = 2 and the boundedness proved in Proposition 4.2 to write this as
We may replace the remaining integral with its limit as m → ∞ and preserve the validity of this expression. Using Proposition 4.1 with = 1 and then Lemma 4.3, we thus obtain
Substituting for ξ and ζ as in (4.1), we get
Comparing this with Proposition 3.2, we may rewrite it as
which is to say that
concluding the proof of Theorem 1.1. Notice that if we simply omit the integral from the expression in Lemma 4.1, we obtain the price of a discretely monitored binary barrier option. Omitting the integral from (3.3) produces the price of the corresponding continuously monitored barrier option. The steps carried out in proving Theorem 1.1 for the integrals apply equally well-indeed, with much less effort-for the integrands. Thus, we have the following corollary. Proof. Using first the definition of B(t, y) and then (B.2), we get
